As a continuation of our previous work, we investigate the weak decays of doubly-heavy baryons Ξ QQ ′ into sextet Σ Q ′ with light-cone sum rules. We calculate the form factors for these decays with the parallel light-cone distribution amplitudes of Σ Q . Numerical results of these form factors are used to predict the decay widths and branching ratios of the corresponding semi-leptonic process. Parametric uncertainties and theoretical analysis are also given in detail. We find that the decay widths of Ξ cc and Ξ bc decays are several orders of magnitude larger than those of Ξ bb decays. *
I. INTRODUCTION
The naive quark model for mesons and baryons is very successful in explaining most hadrons observed on the experimental side. Despite of these successes, there has been an important renaissance in the hadron spectroscopy study in the past decades. On the one hand, a number of unexpected hadrons were observed most of which defy the standard quark-anti-quark interpretation for mesonic states, and three-quark scenario for baryonic states. These observations of hadron exotics have triggered tremendous theoretical studies, but no conclusive results are obtained yet.
On the other side, not all predicted particles by the quark model are well established on the experimental side. Among the latter category, doubly-charmed baryon is an intriguing example that has been discussed in the recent years. In 2017, the LHCb collaboration announced the observation of the ground state doubly-charmed baryon Ξ ++ cc whose mass is given as [1] m Ξ ++ cc = (3621.40 ± 0.72 ± 0.27 ± 0.14) MeV.
This newly observed particle was reconstructed from the decay channel Λ + c K − π + π + , which had been predicted in Ref. [2] . One year later LHCb announced their measurement on Ξ ++ cc lifetime [3] as well as the confirmation of Ξ ++ cc in the Ξ + c π + final state [4] . Undoubtedly, experimentalists will continue to search for other heavier particles included in the doubly-heavy baryon spectroscopy [5] [6] [7] . On the other hand, the great progress in experiments also arouses theoretical analyses, together with which a deeper understanding of hadron spectrum might be achieved in future. To date there have been some theoretical studies which aim to understand the dynamic and spectroscopy properties of the doubly-heavy baryon states , however, a comprehensive description of the decay mechanism of doubly heavy baryons is not established yet.
In our previous work [37] , a phenomenological study has been preformed on the semi-leptonic weak decays of Ξ QQ ′ → Λ Q ′ within the framework of light cone sum rules (LCSR), where the final states Λ Q ′ belong to SU(3) antitriplets3. According to the flavor SU(3) symmetry, the singly heavy baryons are classified by irreducible SU(3) representations 3 ⊗ 3 = 6 ⊕3. Thus besides antitriplets, sextet baryons including Σ Q , Ξ ′ Q and Ω Q can also be final states of Ξ QQ ′ decays. In this paper we analysis the transition Ξ QQ ′ → Σ Q ′ by LCSR. The transition matrix element of Ξ QQ ′ → Σ Q ′ is parametrized by six form factors.
In previous literatures [8, 24, 39] , these form factors were calculated by light-front quark model (LFQM) or QCD sum rules (QCDSR). By LFQM, the two spectator quarks are treated as a diquark, which can simplify the calculation of the transition matrix element [24, 28] . However, for the dynamics in the diquark system are smeared, the diquark approximation may introduce some systematic uncertainties. In the QCDSR approach, to evaluate the transition matrix element one needs to introduce a three-point correlation function. This correlation function is calculated by operator product expansion (OPE), while the truncated OPE may lead to the potential irregularities.
In addition, such calculation is complex especially when high dimensional operator condensations are included. Most of them must heavily depend on numerical evaluations, where large systematic uncertainties are also inevitable [40] . In this work, to avoid the above problems, we will apply LCSR to analyzing doubly-heavy baryon transition form factors. In the framework of LCSR, the non-perturbative dynamics of the quarks and gluons in the baryons are described by the lightcone distribution amplitudes(LCDAs). While only a two-point correlation function is needed for calculating these form factors. This paper is arranged as follows. In Sec.II, we will parametrize the matrix elements of transitions Ξ QQ ′ → Σ Q ′ with form factors f i and g i . Then we will introduce the LCSR approach for calculating these form factors. The numerical results are presented in Sec.III, including the results of form factors, the predictions of decay widths and branching ratios of doubly heavy baryon semi-leptonic decays. Sec.IV is a brief summary of this work.
II. TRANSITION FORM FACTORS IN LIGHT-CONE SUM RULES

A. Form Factors
The transition Ξ QQ ′ → Σ Q ′ matrix elements induced by (V −A) µ current are expressed in terms of six form factors, three for vector current while the other three for axial-vector current
where q µ = p µ Ξ − p µ Σ is transferring momentum. To simplify the extraction of form factors, another parameterizing scheme can be applied to the same matrix element, which is more applicable in the frame work of LCSR.
The form factors F i and G i in the above equation have the following relations with the f i and g i defined in Eq.
(2)
B. Light-Cone Distribution Amplitudes of Σ Q
The light-cone distribution functions of sextet baryons with spin-parities J P = 1/2 + were provided in Ref. [38] , where the LCDAs are calculated by QCDSR in the heavy quark mass limit.
In Ref. [38] , the sextet LCDAs are classified by the total spin polarization of the two light quarks.
If the polarization vector is parallel to the light-cone plane, four parallel LCDAs are defined by
Here γ is a Dirac spinor index. n andn are the two light-cone vectors, whilev µ = 1
are the distances between the ith light quark and the origin along the direction of n. The spacetime coordinates of the light quarks can be expressed as t i n µ . The four-velocity of Σ Q is defined by
where v + = 1 since we choose the rest frame of Σ Q in this work. When q 1 and q 2 are the same, an extra factor √ 2 should times on the right hand side of Eq. (6) . Note that Q should be effective heavy quark field satisfying / vQ = Q. However, at the leading order we will not distinguish it from the original field. {ψ n , ψ nn , ψ 1 , ψn } denote the four parallel LCDAs with different twists, which correspond to {ψ 2 , ψ σ 3 , ψ s 3 , ψ 4 }. As shown in Ref. [38] , if the polarization vector is transversal to the light-cone plane, one needs to introduce other four transversal LCDAs by four transversal currents. However, due to the fact that 
where the color indexes a, b, c are explicitly summed over. The Fourier transformation of the LCDAs are
where ω 1 and ω 2 are the momentum of the two light quarks, which are along the light-cone direction.
The total diquark momentum has the same direction with magnitude ω = ω 1 + ω 2 . Note that
where [38] only provides LCDAs of bottom baryons, according to the argument given in Ref. [37] , one can safely apply these LCDAs for charm baryons in heavy quark limit. In this work both Σ b and Σ c are described by the same LCDAs given in Ref. [38] , which are expressed as 
with
where C λ 0 (x) = 1, C λ 1 (x) = 2λx and C λ 2 (x) = 2λ(1 + λ)x 2 − λ. The parameters in Eq. (11) are collected in Tab. I. The parameter A is chosen to be around 1/2 and also make sure that ǫ i are non-negative. In this work, we simply choose it to be A = 1/2.
C. Light-Cone Sum Rules Framework
According to the framework of LCSR, to deal with the transition defined in Eq. (3), one needs to construct a two point correlation function
The two currents J V −A , J Ξ QQ ′ are V − A current and the Ξ QQ ′ interpolating current respectively
In the frame work of LCSR, the correlation function Eq. (13) is calculated both at hadron level and QCD level. Then the results at the two levels can be matched according to quark-hadron duality. At hadron level, by inserting a complete set of baryon states including both positive and negative parity states between J V −A and J Ξ QQ ′ , and using the definition of Ξ P + QQ ′ and Ξ P −
After inserting the positive and negative parity hadron states respectively, the correlation function induced by the vector currentqγ µ Q has the following forms
where the ellipses stand for the contribution from continuum spectra ρ h above the threshold s th , which has the integral form
The total hadron level correlation function is contributed both from Eqs. (18) and (19) Π hadron
The correlation function induced by the axial-vector currentqγ µ γ 5 Q can be calculated by the same procedure. Thus in the following calculations we will mainly focus on the extraction of vector form factors f i while the axial-vector form factors g i can be extracted analogously.
At QCD level, the correlation function is calculated by OPE and the use of Eq. (7), the J V µ (x) induced correlation function can be expressed as
where S Q (x) is the QCD free heavy quark propagator.v and the light-cone vectors n,n in Eqs. (22) should be expressed in Lorentz covariant forms
The correlation function can be written as a convolution of the LCDAs and the perturbation kernel,
where diquark momenta ω and momenta fraction u are integrated
After integrating out the space-time coordinate x, one arrive at the explicit form of the correlation function at QCD level:
where
m Q is the mass of the translating heavy quark, and
Here we have also used two kinds of newly defined LCDAs
As a result, the correlation function at QCD level can be expressed by six Dirac structures {γ µ , v µ , q µ , γ µ/ q, v µ/ q, q µ/ q}. Denoting the corresponding coefficients as C structure , one have 
which describing the positive parity baryon Ξ P + QQ ′ decays. By constructing Borel transformation on the both sides of the three Eqs. (30)-(32), one can get the explicit expression of each form factors F + i , while the G + i can be obtained in a similar way.
III. NUMERICAL RESULTS
A. Transition Form Factors
In this work, the heavy quark masses are taken as m c = (1.35 ± 0.10) GeV and m b = (4.7 ± 0.1) GeV while the masses of light quarks are neglected. The masses, lifetimes and decay constants f Ξ of doubly heavy baryons are shown in Tab. II [41] [42] [43] [44] . While the masses and decay constants of Σ Q are taken as m Σc = 2.454 GeV, m Σ b = 5.814 GeV, and f (1) = f (2) = 0.038 [45] . The upper limit of light quarks momentum is s 0 = 1.2 [38] . The threshold s th of Ξ QQ ′ and Borel parameters M 2 are shown in Tab. III, which are chosen as to make the form factors be stable. Since the light-cone OPE for heavy baryon transition is reliable in the region where q 2 is positive but not too large, to parameterize the form factors one needs to limit the q 2 region which are listed in the last column of Tab. III. The parameterization formula used in this work is
where the denominator reflects the pole structure of the form factors, while the nominator is due to the assumption that the form factors have a polynomial form at small q 2 . The numerical and fitting results for the form factors are given in Tab. IV, where the "Null" means that the corresponding parameter is set to be zero before fitting. 
Since we would like to know the error coming from LCSR which is used in this work, the In terms of this work and the work based on QCDSR, the difference between the form factors derived from the two approaches can be attributed to two points:
• In the QCDSR work, the authors performed a leading order calculation for a three-point correlation function by OPE, where all the non-perturbative effects are produced by the condensates of the dimension 3 to 5 operators. In the LCSR work, the non-perturbative effects are produced by the LCDAs of Σ Q baryons, which were also derived by QCDSR [38] , where only dimension 3 condensates were included. As a result, the amount of non-perturbative effects introduced in this work and the QCDSR work are different, which leads to different form factors.
• It can be believed that, when all order QCD corrections and the complete series of OPE are considered, the results from QCDSR and LCSR calculation should be consistent with each other. However, both in the QCDSR and LCSR works, only leading order calculations are performed. In addition, the QCDSR work only contains contribution from several low dimensional operator condensates, while in this work, only several leading twist LCDAs are introduced. Thus we have in fact extracted two parts of the same form factor respectively in the two works. Generally, these two parts will overlap but will not be the same.
In terms of this work and the work based on LFQM, the difference between the form factors derived from the two approaches can be attributed to two points:
• In this work, the hadron transition matrix element is extracted from a correlation function by finding the mass pole residue, where uncertainties may occur when one separating the single particle state from the continuum spectrum. However, the LFQM directly expresses the initial and final hadronic states in terms of the quark level wave functions. This operation avoids the potential pollution from heavier spectrum but introduces more tunable parameters, which may be inconsistent with LCSR.
• The baryon pictures between LCSR and LFQM are very different. In LCSR, the Σ Q baryons are described by their LCDAs, which are defined in full QCD theory and describes a three- 10.20 ± 0.92 3.68 ± 0.05 1.60 ± 0.06 Null Null body system. In LFQM, the baryons are described by a two-body Gaussian shape wave function, where the two spectator quarks are combined and treated as a point-like diquark.
B. Semi-leptonic Decays
The effective Hamiltonian inducing the semi-leptonic decays Ξ QQ ′ → Σ Q ′ is 
The decay amplitudes induced by vector current and axial-vector current can be expressed in terms of the following helicity amplitudes
where Q ± = (M 1 ± M 2 ) 2 − q 2 . M 1 and M 2 are the masses of the initial and final baryon. The amplitudes with negative helicity external states have the following simple relations with those having positive helicities 
Decay widths of Ξ QQ ′ → Σ Q ′ lν can be classified by the polarization of the lν pairs. The decays width with longitudinally or transversely polarized lν pairs are
wherem l ≡ m l / q 2 . Note that when calculating form factors with LCSR, we choose the rest frame of the final baryon Σ Q ′ . While for simplicity, we calculate the decay width in the rest frame of the initial particle Ξ QQ ′ . p = √ Q + Q − /(2M 1 ) is the three-momentum magnitude of Σ Q ′ in the rest frame of Ξ QQ ′ . By integrating out the squared transfer momentum q 2 , one can obtain the total decay width Γ =
Tab. VII shows the integrated partial decay widths, branching ratios and the ratios of Γ L /Γ T for various semi-leptonic Ξ QQ ′ → Σ Q ′ l(τ )ν l processes, where l = e/µ. The masses of e and µ have been neglected while the mass of τ is taken as 1.78 GeV [49] . Fig. 3 shows the q 2 dependence of the differential decay widths corresponding to four channels. Tab. VIII gives a comparison of our decay width results with those given in the literatures.
For these phenomenology results, here are some remarks: 
